Abstract. We prove that the least area of non-contractible immersed spheres is no more than 4π in any oriented compact manifold with dimension n + 2 ≤ 7 which satisfies R ≥ 2 and admits a map to S 2 × T n with nonzero degree. We also prove a rigidity result for the equality case.
Introduction
Throughout this paper, (M n ,ḡ) will be an oriented closed Riemannian manifold with a nontrivial second homotopy group π 2 (M ). We say that an immersed sphere Σ in M is noncontractilble, if it is not homotopic to a single point. Since π 2 (M ) = {0}, there exists at least one non-contractible immersed sphere. Denote 
Aḡ(Σ),
where Aḡ(Σ) represents the area of Σ with the induced metric fromḡ. We also use Rḡ to represent the scalar curvature of the metricḡ in the following context. In the paper [2] , H. Bray, S. Brendle and A. Neves proved the following result: Theorem 1.1. If (M 3 ,ḡ) satisfies Rḡ ≥ 2, then we have A S 2 (M,ḡ) ≤ 4π. Furthermore, the equality implies that the universal covering (M ,ĝ) is S 2 × R.
It is natural to ask whether such result still holds for the dimension n ≥ 4. Unfortunately, the result cannot be true in general. An easy example is as follows. Let M = S 2 (r 1 ) × S m (r 2 ) with m ≥ 3 such that the scalar curvature of M is 2. With appropriate value for r 2 to be taken, the scalar curvature of S n (r 2 ) can be arbitrarily close to 2, from which it follows that the area of S 2 (r 1 ) can be arbitrarily large. This yields that no upper bound depending only on the scalar curvature can be obtained for the least area of non-contractible spheres in this case. Hopefully, if we impose further conditions on (M n ,ḡ), such result can still be true. Namely, we have the following theorem: Theorem 1.2. For n + 2 ≤ 7, let (M n+2 , g) be an oriented closed Riemannian manifold with R g ≥ 2, which admits a non-zero degree map f : M → S 2 × T n . Then A S 2 (M, g) ≤ 4π.
Furthermore, the equality implies that the universal covering (M ,ĝ) is S 2 × R n . Remark 1.3. The restriction n + 2 ≤ 7 comes from the regularity issue of area-minimizing hypersurface.
Our inspiration for Theorem 1.2 comes from M. Gromov's work in [4] . He proved that Theorem 1.4 ( [4] , P. 653, and P. 679). If (V n , g) is an over-torical band with R g ≥ n(n − 1) and n ≤ 8, then
When the equality holds, the universal covering of the extreme band is R n−1 ⋊O(n−1)-invariant.
In the above theorem, an over-torical band means a Riemannian manifold (V, g) with boundary ∂V = ∂V + ⊔ ∂V − , which admits a nonzero map f :
The width of (V, g) is defined to be the distance between ∂V + and ∂V − . If one just takes V to be the torical band T n−1 × [−1, 1], then the theorem actually tells us that the lower positive bound of the scalar curvature gives an upper bound for the least distance transverse to T n−1 slices. From this point of view, our theorem deals with the area case in a similar spirit of M. Gromov's result.
We also recall that R. Schoen and S.T. Yau proved the following theorem:
, Corollary 2). Let M be a closed Riemannian manifold which admits a nonzero degree to T n with n ≤ 7. Then the only possible metric with nonnegative scalar curvature is the flat one.
Based on this, our theorem seems to have a similar spirit of this result as well. If one writes T n as T 2 × T n−2 and considers the above theorem as one for the torus case, then our theorem can be thought as a quantitive one for the sphere case.
We have to say that Theorem 1.2 is one of the few rigidity results in high dimensions. Actually, the relationship of the scalar curvature and minimal 2-surfaces is far from clear when the dimension of the ambient manifold is greater than 4, although there have been various results in 3-dimensional case. Apart from Theorem 1.1, we mention that there are similar rigidity results for area-minimizing projective planes and min-max spheres in three dimensional manifolds. We refer readers to [1] and [5] for further information. It is a very interesting topic to prove some counterparts of these results in higher dimensions.
In high dimension case, there are some new challenges in the proof of Theorem 1.2. To show the upper bound for the least area of non-contractible immersed spheres, it is no longer valid to analyzing the second variation of area for an area-minimizing sphere in the class of noncontractible spheres. The first trouble is that an area-minimizing sphere may fail to be immersed due to possible branched points, which however can be ruled out in dimension 3. While even if the area-minimizing sphere is immersed, we cannot obtain enough control on its area from the second variation formula due to higher codimensions.
To overcome these challenges, instead of taking an area-minimizing sphere, we construct directly a non-contractible embedded one with area no more than 4π. To be precise, we apply the Torical Symmetrization argument from [4] to find a slicing (see Definition 2.1)
where Σ 2 appears to be a non-contractible embedded sphere and Σ 2 × T n admits a warped product metricḡ
with Rḡ 2 ≥ 2. In this case, we are able to show A g 2 (Σ 2 ) ≤ 4π from a straightforward calculation, which then gives A S 2 (M,ḡ) ≤ 4π. To present a more clear picture, let me briefly illustrate how to obtain a desired slicing from the Torical Symmetrization argument. The essential step is as follows. Suppose that we are given a Riemannian manifold (M ,ḡ), which admits a nonzero degree map to S 2 × T n , then from geometric measure theory we can find an area-minimizing hypersurface (M ,g) in the pull-back homology class of S 2 × T n−1 . Taking the first eigenfunctioñ u of the Jacobi operatorJ , we can obtain a new manifold (M ′ ,ḡ ′ ) withM ′ =M × S 1 and g ′ =ũ 2 dt 2 +g, which satisfies Rḡ′ ≥ Rḡ. The advantage of this construction is a lift in
Using the step stated above for several times and following the procedure as shown below, we can obtain the desired slicing.
We start with (Σ n+2 ,ḡ n+2 ) = (M,ḡ) to find an area-minimizing surface (Σ n+1 ,g n+1 ). From (Σ n+1 ,g n+1 ) we constrct the warped product (Σ n+1 ,ḡ n+1 ) with Σ n+1 =Σ n+1 × S 1 , and then we use this as a new starting manifold to find another areaminimizing surface (Σ n ,g n ). By warped product, we obtain (Σ n ,ḡ n ). ... After repeating again and again, we obtainΣ k for all k ≥ 2. From higher and higher symmetry, we can writeΣ k = Σ k × T n+2−k , and these Σ k provide us the desired slicing.
The proof for the rigidity in the equality case turns out to be very subtle. From A S 2 (M,ḡ) = 4π, it is easy to show that (Σ 2 , g 2 ) is isometric to the standard sphere, therefore it is enough to show that there exist local isometries Φ k : Σ k × R → Σ k+1 for k from 2 to n + 1. To obtain this result, we choose to prove a stronger one that there exists a local isometryΦ k :Σ k × R →Σ k+1 . For simplicity, we will only explain our idea in the case k = 2, since the rest cases follow from the same argument. Through a calculation, it is direct to show Rḡ 2 = Rg 2 = 2 from A S 2 (M,ḡ) = 4π. From the construction, this implies thatΣ 2 is totally geodesic and has vanished normal Ricci curvature inΣ 3 . To show the existence ofΦ 2 , we adopt the idea from [3, Theorem 1.6] to construct an area-minimizing foliation aroundΣ 2 . From the inverse function theorem, it is not difficult to show the existence of a foliation {Σ 2,t } −ǫ≤t≤ǫ with constant mean curvature. The difficulty here is to show that the mean curvaturesH 2,t have the correct sign such that each slice in the foliation is also area-minimizing. At this stage, we follow the idea from [4, page 679] to rule out the worried situation. Assuming that one of the mean curvaturesH 2,t has a wrong sign, such asH 2,t 0 > 0 for t 0 > 0, by minimizing an appropriate brane functional in the from of B = A(Σ) − δV (Ω), we can find a soap bubble (Σ k ,ĝ k ) inΣ k+1 such thatΣ k × S 1 has a warped product metricĝ
with Rĝ k+1 ≥ 2 + δ 2 . With the Torical Symmetrization argument applied toΣ k × S 1 , there will be a non-contractible embedded sphere in (M,ḡ) with area strictly less than 4π, which leads to a contradiction. Consequently, each surface in the constructed foliation must be area-minimizing. Therefore they are totally geodesic and have vanished normal Ricci curvature as well. From this, it is quick to show thatΣ 3 splits asΣ 2 × (−ǫ, ǫ) aroundΣ 2 . Through a continuous argument, we can obtain the local isometryΦ 2 .
In the following, the article will be organized as follows. In section 2, we use the torical symmetrization argument to construct a non-contractible embedded sphere with area no more than 4π. In section 3, we prove the rigidity for the case of equality.
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Torical Symmetrization
In this section, we show how to use Torical Symmetrization argument to construct an embedded non-contractible sphere with area no more than 4π. For the convenience to state our results, we introduce the following definition first.
is called a slicing if each immersion φ i is codimension one for i = 1, 2, . . . , m.
In the following, we denote the projection map from S 2 × T i to S 2 × T j by π i j for any i ≥ j. Using the Torical Symmetrization argument, we can obtain the following proposition: Proposition 2.2. For n + 2 ≤ 7, let (M n+2 ,ḡ) be an oriented closed Riemannian manifold with Rḡ ≥ 2, which admits a non-zero degree map f : M → S 2 × T n . Then there exists a slicing
has non-zero degree. Furthermore, there exist positive functions u k : Σ k → R, k = 2, 3, . . . , n + 1, such that the manifolds (Σ k ,ḡ k ) with
satisfies Rḡ k ≥ 2, and that
Proof. We are going to construct the desired slicing with an induction argument. For convenience, let us denote (Σ n+2 ,ḡ n+2 , u n+2 , f n+2 ) = (M,ḡ, 1, f ). Without loss of generality, we assume that f is a smooth function. Now we state how to obtain (
Define the map
According to Sard's theorem, there exists a θ k−1 such that the preimage
is a smooth 2-sided embedded hypersurface. It is easy to see that deg π n n−1 •F k+1 | S = deg f k+1 = 0, from which we know that [S] represents a nontrivial homology class. By geometric measure theory, there exists a smooth embedded, 2-sided, area-minimizing hypersurface (Σ k ,g k ) in the homology class [S] in Riemannian manifold (Σ k+1 ,ḡ k+1 ), whereg k is the induced metric and
We claim thatΣ k is T n+1−k -invariant. Notice that (Σ k+1 ,ḡ k+1 ) is T n+1−k -invariant, taking isometric S 1 -action ρ i,θ , i = k + 2, k + 3, . . . , n + 2, such that ρ i,θ ((x, t k+2 , . . . , t i , . . . , t n+2 )) = (x, t k+2 , . . . , t i + θ, . . . , t n+2 ), x ∈ Σ k+1 , then ρ i,θ induces a smooth variation vector field X = φν onΣ k , where ν is a fixed unit normal vector field. If φ is not identical to zero, from the fact thatΣ k is area-minimizing and ρ i,θ is isometry, we see that φ is the first eigenfunction of the Jacobi operatorJ k , which implies that φ has a fixed sign. This yields that the algebraic intersection number of the circle S 1 i andΣ k is nonzero. However, notice that S 1 i lies on the hypersurface S, the algebraic intersection of S 1 i and S is zero, which leads to a contradiction. Therefore, we have φ ≡ 0 and thatΣ k is ρ i,θ -invariant. Ranging i from k + 2 to n + 2, we know thatΣ k is T n+1−k -invariant, and it
1 In this paper, area-minimizing means to have the least area in the homotopy class, although the hypersurface may have some much stronger area-minimizing property.
It is possible that Σ k have several connected components, but we can choose one of these components, still denoted by Σ k , satisfying deg f k = 0. In this case, it follows from [8, Lemma 33.4] thatΣ k = Σ k × T n+1−k is still area-minimizing. Let g k be the induced metric of Σ k from (Σ k+1 , g k+1 ), theng
and the last statement in the proposition follows easily.
In the following, we construct the desired function u k . SinceΣ k is area-minimizing, the Jacobi operator
is nonnegative, whereν k andÃ k are the unit normal vector field and the corresponding second fundamental form. Denoteũ k to be the first eigenfunction ofJ k with respect to the first eigenvalueλ 1,k ≥ 0. Since the first eigenspace is dimension one,ũ k is also T n+1−k -invariant, and henceũ k can be viewed as a function u k over Σ k . Given the smooth metric
onΣ k , direct calculation shows
Through an induction argument from k = n + 1 to k = 2, we can obtain the desired slicing
The only thing needs to be verified is that Σ 2 is a 2-sphere. Otherwise, Σ 2 is a surface with genus g ≥ 1, and then there exists a mapf : Σ 2 × T n → T n+2 with nonzero degree. Combined with [7, Corollary 2] , this contradicts to the fact Rḡ 2 ≥ 2.
The following lemma yields an upper bound for the area of Σ 2 .
Lemma 2.3. Let (S 2 × T n ,ḡ) be a Riemannian manifold with Rḡ ≥ 2 and
where g is a smooth metric on S 2 and u i : S 2 → R are positive smooth functions for i = 2, 3, . . . , n + 1. Then we have
where equality holds if and only if (S 2 , g) is isometric to the standard sphere and u i are positive constants for i = 2, 3, . . . , n + 1.
Proof. Through direct calculation (refer to [6, Lemma 2.5]), we have
Integrating over S 2 , we obtain
where we have used the fact
Then it is clear that A g (S 2 ) ≤ 4π. When the equality holds, we see that u i are positive constants for i = 2, 3, . . . , n+1, and then R g = Rḡ ≥ 2. From the Gauss-Bonnet formula, we obtain R g ≡ 2, which implies that (S 2 , g) is isometric to the standard sphere. Proof. From Proposition 2.2, we can find an embedded sphere Σ 2 such that π n 0 • f | Σ 2 : Σ 2 → S 2 has nonzero degree. This implies that Σ 2 is non-contractible. By Lemma 2.3, we know Aḡ(
The Case of Equality
In this section, (M n+2 ,ḡ) is always an oriented closed Riemannian manifold with dimension n + 2 ≤ 7 and scalar curvature Rḡ ≥ 2, which admits a non-zero degree map f : M → S 2 × T n . Also, we use
to denote an arbitrary slicing constructed as in Proposition 2.2, and we adapt the same notation there. The first lemma below is the starting point for our rigidity result.
is isometric to the standard sphere, Rḡ 2 = 2 and u i | Σ 2 are positive constants for i = 2, 3, . . . , n + 1.
Proof. It follows from Proposition 2.2 that (Σ 2 ,ḡ 2 ) satisfies Rḡ 2 ≥ 2, wherē
If A S 2 (M,ḡ) = 4π, from Lemma 2.3, we have A g 2 (Σ 2 ) = 4π. As a result, (Σ 2 , g 2 ) is isometric to the standard sphere, and u i | Σ 2 are positive constants. Therefore, we have Rḡ 2 = 2.
In the following, we prove the infinitesimal rigidity forΣ k .
Lemma 3.2. Fix some 2 ≤ k ≤ n + 1, if Rḡ k ≡ 2 and u i | Σ k are positive constants for i = k, k + 1, . . . , n + 1, thenΣ k is totally geodesic inΣ k+1 and satisfies Ricḡ k+1 (ν k ,ν k ) = 0.
Proof. Recall from (2.3) that
Since u k is a positive constant on Σ k , we also know Rg k ≡ 2, which implies Ricḡ k+1 (ν k ,ν k ) = 0.
As in [2, Proposition 5], we use the infinitesimal rigidity ofΣ k to construct a foliation of constant mean curvature hypersurfaces aroundΣ k inΣ k+1 . Lemma 3.3. IfΣ k is an area-minimizing hypersurface inΣ k+1 with vanished second fundamental form and normal Ricci curvature, then we can construct a local foliation {Σ k,t } −ǫ≤t≤ǫ inΣ k+1 such thatΣ k,t are of constant mean curvatures andΣ
Proof. Consider the map
whereH f is the mean curvature of the graph overΣ k with graph function f and the space
Since Ricḡ k+1 (ν k ,ν k ) = 0 andÃ k = 0, it is clear that the linearized operator of ψ at f = 0
is invertible. From the inverse function theorem, we can find a family of function f t :Σ k → R with t ∈ (−ǫ, ǫ) with the following properties:
• The functions f t satisfies f 0 ≡ 0,
• The graphsΣ k,t overΣ k with graph function f t has constant mean curvature.
From (3.3), with the value of ǫ decreased a little bit, the speed ∂ t f t will be positive everywhere, from which it follows that the graphsΣ k,t form a foliation aroundΣ k for −ǫ ≤ t ≤ ǫ. The T n+1−k -invariance ofΣ k,t is due to the uniqueness from the inverse function theorem.
We are ready to prove the existence of local isometriesΦ k .
Proposition 3.4. If A S 2 (M,ḡ) = 4π, then for any slicing constructed as in Proposition 2.2 and any 2 ≤ k ≤ n + 1, we have Rḡ k ≡ 2 and that u i | Σ k are positive constants for i from k to n + 1. In addition, there exists a local isometryΦ k :Σ k × R →Σ k+1 .
Proof. From Lemma 3.1, for any slicing constructed as in Proposition 2.2, we have Rḡ 2 ≡ 2 and that u i | Σ 2 are positive constants for i from 2 to n + 1. For the rest cases, we are going to apply the induction argument. Assuming that we already obtain Rḡ k ≡ 2 and that u i | Σ k are positive constants for i from k to n + 1, using Lemma 3.2, we know thatΣ k is totally geodesic and has vanished normal Ricci curvature inΣ k+1 . From Lemma 3.3, there exists a constant mean curvature foliation {Σ k,t } −ǫ≤t≤ǫ inΣ k+1 withΣ k,0 =Σ k . DenoteH k,t to be the mean curvature ofΣ k,t , we claim thatH k,t ≡ 0 for any t ∈ (−ǫ, ǫ). It suffices to prove this for nonnegative t, since the other side follows from the same argument. Suppose that the consequence is not true, then there exists a t 0 such thatH k,t 0 > 0, since otherwiseH k,t ≤ 0 and the area-minimizing property ofΣ t will implyH k,t ≡ 0. DenoteΩ k,t 0 to be the region enclosed byΣ k,t 0 andΣ k , and define the brane functional
whereΩ is any Borel subset ofΩ k,t 0 with finite perimeter andΣ k ⊂ ∂Ω. Due to 0 < δ <H k,t 0 , the hypersurfacesΣ andΣ k,t 0 serve as barriers, therefore we can find a Borel setΩ k,t 0 minimizing the brane functional B, for whichΣ k = ∂Ω k,t 0 \Σ k is a smooth 2-sided hypersurface disjoint from Σ k andΣ k,t 0 . A similar argument as in Proposition 2.2 givesΣ k is T n+1−k -invariant, so we can
SinceΣ k is B-minimizing, it has constant mean curvature δ and it is B-stable. So the Jacobi operator
is nonnegative, whereν k is the unit normal vector field ofΣ k andÂ k is the corresponding second fundamental form. Taking the first eigenfunctionû k ofĴ k with respect to the first eigenvaluê λ 1,k ≥ 0 and defining the following metric
SinceΣ k is homologic toΣ k , the mapF k = π n n−1 • F k+1 |Σ k has nonzero degree. IfΣ k is not connected, we may choose a suitable component asΣ k such thatF k has non-zero degree. As a result, the mapf k = π n k−2 • f |Σ′ k has nonzero degree. Repeating what we have done as in Proposition 2.2, we can find a slicing
and functionsû i :Σ ′ i → R, i = 2, 3, . . . , k, such that the scalar curvature Rĝ 2 ≥ 2 + δ 2 for
Also, we have deg π n 0 • f |Σ 2 = 0. Therefore,Σ 2 is a non-contractible embedded sphere in M . It follows from Lemma 2.3 that A(Σ 2 ) ≤ 4π(1 + δ 2 /2) −1 < 4π, which leads to a contradiction.
SinceH k,t vanishes for any t ∈ (−ǫ, ǫ), there holds A(Σ k,t ) ≡ A(Σ k ), which yields thatΣ k,t is also area-minimizing. ReplacingΣ k byΣ k,t , we can also obtain a slicing as in Proposition 2.2. Combined with the induction hypothesis and Lemma 3.2,Σ k,t is totally geodesic and has vanished normal Ricci curvature.
In the following, we show that there exists a local isometryΦ k :Σ k →Σ k+1 . DenoteṼ k to be the normal variation vector field of the foliationΣ k,t andΦ k :Σ k × (−ǫ, ǫ) →Σ k+1 to be the flow generated byṼ k . Notice thatΣ k,t are T n+1−k -invariant,Σ k,t can be written as Σ k,t × T n+1−k andṼ k can be viewed as the normal variation vector field V k of Σ k,t on Σ k+1 . Let Φ k : Σ k × (−ǫ, ǫ) → Σ k+1 be the flow generated by V k , thenΦ k = (Φ k , id). It is clear thatΦ k is an embedding aroundΣ k and the pull-back of the metricḡ k+1 is
where φ > 0 is the lapse function,g k,t and g k,t are the induced metrics ofΣ k,t and Σ k,t , respectively. SinceΣ k,t is totally geodesic, we have ∂ tΦ * (g k,t ) = 2φh k,t = 0, which yieldsΦ * (g k,t ) ≡g k and that u i | Σ k,t = u i | Σ k are positive constants for i from k + 1 to n + 1. Also, from stability we haveJ φ = −∆φ = 0, which gives φ(·, t) ≡ const. Let r(t) =ˆt 0 φ(·, s) ds, thenΦ * k (ḡ k+1 ) = dr 2 +g k . Therefore,Φ k :Σ k × (−ǫ, ǫ) →Σ k+1 is a local isometry. Through a continuous argument as in [2, Proposition 11], we conclude that there exists a local isometrỹ Φ k :Σ k × R →Σ k+1 . As a result, we obtain Rḡ k+1 = Rg k = 2 and that u i | Σ k+1 are positive constants for i from k + 1 to n + 1. Now, the proposition follows easily from the induction argument.
From the proof above, we have the following corollary: Corollary 3.5. If A S 2 (M,ḡ) = 4π, then for any slicing constructed as in Proposition 2.2, there exist local isometries Φ k : Σ k × R → Σ k+1 for k = 2, 3, . . . , n + 1.
We now prove the main theorem.
Proof of Theorem 1.2. From Corollary 2.4, we have A S 2 (M,ḡ) ≤ 4π. If the equality holds, from Proposition 2.2, Lemma 3.1 and Corollary 3.5, we can find a slicing (Σ 2 , g 2 ) (Σ 3 , g 3 ) · · · (Σ n+1 , g n+1 ) (Σ n+2 , g n+2 ) = (M,ḡ) such that (Σ 2 , g 2 ) is isometric to the standard sphere and that there exist local isometries Φ k : Σ k → Σ k+1 for k = 2, 3, . . . , n + 1. Denote Φ to be the composition of the following maps
then Φ is a local isometry from S 2 × R n to M . Since S 2 × R n is complete, Φ is a covering map. It is clear that S 2 × R n is the universal covering of (M,ḡ).
